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 A B S T R A C T

Purpose: We aim to develop a robust method to improve the estimation accuracy of motor-evoked potential 
(MEP) recruitment curves (RCs), including motor threshold, in small-sample settings which typically involve 
fewer than 40 stimuli.
Methods: We present a hierarchical Bayesian (HB) method to model MEP size as a rectified-logistic function of 
stimulation intensity. This method is designed to account for small samples, handle outliers without discarding 
data, quantify estimation uncertainty, and simulate synthetic data that closely matches real observations, useful 
for optimizing experimental design. We validate its performance on transcranial magnetic stimulation (TMS), 
epidural spinal cord stimulation (SCS), and synthetic TMS datasets, and provide an open-source library for 
Python, called hbMEP, for diverse applications.
Results: The rectified-logistic outperformed sigmoidal functions in predictive accuracy on TMS and SCS 
datasets, as demonstrated through cross-validation. A mixture extension of the HB model improved robustness 
to outliers by further increasing its predictive accuracy. The HB model reduced threshold estimation error by 
up to 70% on sparse synthetic TMS data compared to non-hierarchical models. Bayesian estimation with the 
HB model reduced the required number of participants by at least 23% to detect a shift in threshold with 80% 
power, compared to frequentist testing. Empirical results on human SCS data further validated its applicability 
to real data.
Conclusion: By improving accuracy on sparse data, our method minimizes the number of stimuli needed to 
probe each individual’s neuromuscular parameters across multiple muscles simultaneously, thereby reducing 
session duration and the risk of inadvertent neuromodulation. Our approach provides a more statistically 
powerful and conclusive framework for inferring changes in threshold, and therefore corticospinal excitability. 
The hbMEP library streamlines and unifies the analysis of RCs across stimulation modalities and experimental 
paradigms.
1. Introduction

Dose–response relationships characterized by an S-shape are funda-
mental across a broad range of disciplines, from pharmacology [1,2] 
and toxicology [3,4] to psychophysics [5,6] and cognition [7]. In 
the sensorimotor domain, a prime example is the recruitment curve, 
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which describes how electrical or electromagnetic stimulation intensity 
affects the size of a motor-evoked potential (MEP)—an electrical signal 
recorded from multiple muscles (Fig.  1a) in response to stimulation. 
MEPs are typically quantified by their peak-to-peak (pk-pk) voltage 
or area under the curve (AUC) (Fig.  1b,c, magenta and green dots). 
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Recruitment curves are derived using techniques such as transcra-
nial magnetic stimulation (TMS), spinal cord stimulation (SCS), or 
peripheral nerve stimulation. These techniques are widely used in 
monitoring and planning clinical interventions or mapping muscle 
activation [8–14], assessing the extent of injury and tracking recov-
ery [15–17], and evaluating the efficacy of therapeutic interventions, 
including neuromodulation [18–21].

Accurate estimation of recruitment curves is critically important to 
assess nervous system state, including corticospinal excitability, and 
to evaluate therapeutic efficacy [14,22–28]. The recruitment curve 
exhibits a characteristic sigmoidal or S-shape, with a steep increase 
above the threshold and a plateau phase at high intensities. Its core 
properties (see Fig.  1b, c) include 1. offset (background noise floor 
of the recording), 2. saturation (upper asymptotic or maximal MEP 
size), 3. S50 (intensity to produce 50% of the maximal response above 
the offset), 4. threshold (intensity to produce minimal consistent re-
sponse above the offset), and 5. gradient (how MEP size increases with 
increasing intensity). While each of these properties may have spe-
cific neurophysiological interpretations, both the threshold [22,29–31] 
and S50 [26,32,33] have been used to infer changes in corticospinal 
excitability, although the use of S50 is less prominent.

Current approaches [34–37] to model recruitment curves predomi-
nantly use sigmoidal functions, typically assumed to be a
four-parameter logistic function (Fig.  1b, black curve), and rely on 
numerical optimization methods applied to non-convex search spaces 
for estimating the curve parameters. These methods are susceptible 
to suboptimal solutions with small sample sizes [31,38,39], typically 
involving fewer than 40 stimuli, require repeated random reinitial-
izations to avoid local minima, and provide only point estimates. 
However, collecting an adequate number of samples is often infeasible 
due to constraints concerning experimental time [13], discomfort to 
participants [40], and the risk of inadvertent neuromodulation when 
large numbers of stimuli are delivered [41–43].

Moreover, the conventional approach of modeling recruitment
curves using sigmoidal functions [22,32,38,44–48] often involves es-
timating the S50 parameter, which is subsequently used to test hy-
potheses related to shifts in this parameter [26,32,33]. In sigmoidal 
functions, the slope is directly proportional to S50, and in the logistic-
4 function specifically, the maximum gradient or the steepest point 
occurs at S50. By definition, the estimation of S50 is contingent upon 
observing adequate saturation in data, a condition often unmet due 
to discomfort experienced by participants at higher stimulation inten-
sities [21,38]. Conversely, the threshold can be estimated accurately 
independent of saturation, making it a more reliable parameter for 
testing. However, sigmoidal functions cannot be used to estimate the 
threshold since these are smooth functions and cannot capture sharp 
deflections from the offset MEP size [22,38]. Previously, threshold was 
estimated using a rectified-linear function [13,22,49–51], which proved 
overly simplistic as it does not capture the curvature in data, leading 
to biased threshold estimates. In addition, area under the recruitment 
curve, which characterizes the overall corticospinal output over the 
intensity range [33,52–59], can also be distorted if curvature is not 
accurately modeled.

In contrast, Bayesian methodology has shown great potential for 
improving the statistical modeling process [60], including in neuro-
science [61,62]. We introduce a rectified-logistic function (Fig.  1c, 
black curve) for modeling recruitment curves and integrate it within 
a hierarchical Bayesian framework that accounts for small sample 
sizes, handles outliers, and returns a posterior distribution (Fig.  1c, 
bottom and side panels) over the curve parameters, thereby quanti-
fying estimation uncertainty. We evaluate the predictive performance 
of rectified-logistic function against commonly used sigmoidal alter-
natives using cross-validation on empirical TMS and SCS data. Our 
framework is generative and enables simulation of high-fidelity syn-
thetic data for model comparison and optimization of experimental 
design. In simulations, we assess its accuracy in estimating threshold on 
1856 
Fig. 1. Hierarchical Bayesian estimation yields posterior distributions 
over recruitment curve parameters for each participant across multi-
ple muscles simultaneously. (a) Example motor-evoked potentials (MEPs) 
recorded at different stimulation intensities from a participant’s APB (left, 
magenta) and ADM (middle, green) muscles. The abscissa represents stim-
ulation intensity, specified in units of current such as μA or mA for spinal 
cord stimulation, or % maximum stimulator output (% MSO) for transcranial 
magnetic stimulation. Right panel: schematic quantification of MEPs into MEP 
size using either peak-to-peak (pk-pk) amplitude or area under the curve 
(AUC). (b) Example recruitment curves modeled as a four-parameter logistic 
function (Boltzmann sigmoid) using least squares minimization. It provides 
only point estimates for the curve parameters, lacks a threshold estimate, and 
fails to capture sharp deflection from the offset. Bottom panels: point estimate 
of S50. Top right: saturation. Bottom right: maximum gradient. (c) Example 
recruitment curves modeled as a five-parameter rectified-logistic function 
within a hierarchical Bayesian framework. Shading represents the 95% highest 
density interval (HDI) of the posterior predictive distribution. It accurately 
estimates the threshold, S50, and saturation. The estimation uncertainty for 
each parameter is quantified by the width of the 95% HDI. Data from 
multiple participants and muscles is handled simultaneously. Bottom panels: 
posterior distribution of the threshold and S50. Inset: zoom over posterior. Top 
right: saturation. Bottom right: maximum gradient. (For interpretation of the 
references to color in this figure legend, the reader is referred to the web 
version of this article.)

sparse data and compare it with conventional non-hierarchical models. 
Further, we develop a Bayesian estimation method for detecting shift 
in threshold and evaluate its statistical power against frequentist null 
hypothesis testing. Finally, we present a common use case involving 
human epidural SCS data and provide an open-source library for Python 
called hbMEP for diverse applications.

2. Methods

In Section 2.1 and Section 2.2, we introduce Bayesian hierarchical 
models for estimating MEP size recruitment curves. Section 2.1 begins 
with a review of conventional functions used to model recruitment 
curves, including the rectified-linear, logistic-4, and logistic-5 func-
tions. We then introduce the rectified-logistic function, which combines 
aspects of these functions to enable accurate estimation of the threshold 
parameter. A gamma likelihood model that uses the rectified-logistic 
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Table 1
Overview of hierarchical and non-hierarchical models, their application to datasets, and the corresponding analyses and figures.
 Model Analysis Dataset  
 aStandard HB Parameter recovery (threshold, S50) Synthetic TMS (Fig.  2e–f, Supplementary 

Fig. S1)
 

 Statistical power of detecting shift in 
threshold

Synthetic TMS (Fig.  2g,h, Fig.  6e), 
Human SCS (Fig.  5c, Supplementary Fig. 
S2)

 

 Comparison of predictive performance of 
different recruitment curve functions

Rat SCS, Human TMS and SCS (Fig.  3)  

 Optimizing experimental design Synthetic TMS (Fig.  6a–d)  
 bMixture HB Predictive performance compared to 

standard HB for robustness to outliers
Rat SCS, Human TMS and SCS (Fig.  4)  

 cPaired comparison 
(HBe)

Statistical power of detecting shift in 
threshold

Synthetic TMS (Fig.  2g,h, Fig.  6e), 
Human SCS (Fig.  5, Supplementary Fig. 
S2)

 

 dNon-hierarchical 
(nHB, ML, LSM)

Parameter recovery (threshold) Synthetic TMS (Fig.  2e,f)  

 Statistical power of detecting shift in 
threshold

Synthetic TMS (Fig.  2g,h), Human SCS 
(Fig.  5c, Supplementary Fig. S2)

 

a Standard hierarchical Bayesian (HB) model.
b Mixture extension of the standard HB model.
c Hierarchical Bayesian estimation (HBe) model.
d Non-hierarchical Bayesian (nHB), maximum likelihood (ML), least squares method (LSM).
function is presented, followed by its integration into a hierarchical 
Bayesian framework in Section 2.2. This section begins with a standard 
model and introduces a paired comparison model that uses Bayesian 
estimation to compare the threshold parameter in participants under-
going repeat experiments. We conclude the section with a mixture 
extension of the gamma likelihood model to account for outliers in data.

In Sections 2.3–2.5, we describe the application of these models 
to obtain the results presented in the manuscript. Table  1 provides 
an overview of the models used and the datasets to which they were 
applied, including the corresponding analyses and figures. Section 2.3 
validates the robustness and efficiency of hierarchical Bayesian meth-
ods on simulated data, where we assess the accuracy of the standard 
model on sparse data for threshold estimation and evaluate the statis-
tical power of the Bayesian estimation approach for detecting shifts in 
the threshold. In Section 2.4, we validate the predictive performance 
of the rectified-logistic function through cross-validation on empirical 
data and compare the results against conventional alternatives. We also 
validate the mixture extension of the gamma likelihood model using the 
same cross-validation procedure. In Section 2.5, we present a common 
use case of the paired comparison model on human SCS data and 
evaluate its statistical power on bootstrapped data. We conclude the 
section by describing how the generative capability of the framework 
can be used to optimize experimental design.

Section 2.6 outlines the statistical methods used and reproducibility 
of the analyses presented. Sections 2.7 and 2.8 describe the human 
TMS and SCS, and the rat SCS datasets, respectively. Table  2 provides 
a concise overview of these datasets. Appendix A1–A3 and B1–B3 
show recruitment curves estimated on these datasets using the standard 
hierarchical Bayesian model and its mixture extension, respectively, 
with the rectified-logistic function.

We denote R as the set of real numbers and R+ as the set of 
positive reals. N(𝜇, 𝜎) or Normal(𝜇, 𝜎) denotes the normal distribution 
(location-scale), and Gamma(𝛼, 𝛽) the gamma distribution (shape-rate). 
TN(𝜇, 𝜎) and HN(𝜎) are the truncated-normal (location-scale, with left 
truncation at zero) and half-normal (scale) distributions, respectively. 
Bernoulli(𝑝) is the Bernoulli distribution with success probability 𝑝, and 
Uniform(𝑎, 𝑏) is the uniform distribution on [𝑎, 𝑏]. For convenience, the 
terms statistical power and true positive rate are used interchangeably.

2.1. Modeling MEP size

The different choices for modeling recruitment curves include a 
three-parameter rectified-linear function [13,22,49–51] (Eq. (1),
1857 
Fig.  3a) and a four-parameter logistic-4 function [22,38,45–48]
(Eq. (2), Fig.  1b, 3b). Additionally, a five-parameter logistic-5 [44] 
(Eq. (3), Fig.  3c) is a more generalized version of logistic-4 and contains 
an extra parameter 𝑣 to control near which asymptote (lower 𝐿, or 
upper 𝐿 + 𝐻) the maximum growth or the inflection point occurs. 
Unlike logistic-4, the logistic-5 function is not necessarily symmetrical 
about its inflection point.

∀𝑎, 𝑏, 𝐿 > 0 𝑥 ↦ 𝐿 + max {0, 𝑏 (𝑥 − 𝑎)} (1)

∀𝑎, 𝑏, 𝐿,𝐻 > 0 𝑥 ↦ 𝐿 + 𝐻
1 + 𝑒−𝑏(𝑥−𝑎)

(2)

∀𝑎, 𝑏, 𝐿,𝐻, 𝑣 > 0 𝑥 ↦ 𝐿 + 𝐻
{

1 + (2𝑣 − 1) 𝑒−𝑏(𝑥−𝑎)
}

1
𝑣

(3)

In the rectified-linear function, parameter 𝑎 is the threshold, and in 
the logistic functions, it is the S50. 𝐿 represents the offset MEP size, 
(𝐿 +𝐻) defines the saturation, and 𝑏 is the growth rate. The logistic 
functions do not have a parameter for the threshold since they are 
smooth functions, and the rectified-linear function does not have a 
parameter for the S50 since it does not saturate.

Likelihood model
We introduce a five-parameter rectified-logistic function (Eq. (4), 

Fig.  1c, 3d) that can estimate both the threshold and S50. Supplemen-
tary Fig. S3a–f shows the effect of varying its different parameters. 
Parameters 𝑏, 𝐿,𝐻 have similar interpretation as in the logistic-4 func-
tion, and 𝑎 is the threshold. Similar to the logistic-5, there is an 
additional parameter 𝓁 that controls the location of inflection point, 
whether near the offset 𝐿 or saturation (𝐿 +𝐻). Eq.  (5) gives the 
S50 of the rectified-logistic function. For 𝑎, 𝑏, 𝐿,𝐻,𝓁 > 0, define the 
rectified-logistic function 𝐹 ∶ R → R+ as

𝐹 (𝑥) = 𝐿 + max

⎧

⎪

⎨

⎪

⎩

0,−𝓁 + 𝐻 + 𝓁

1 +
(

𝐻
𝓁

)

𝑒−𝑏(𝑥−𝑎)

⎫

⎪

⎬

⎪

⎭

(4)

S50 (𝐹 ) = 𝑎 − 1
𝑏
ln
(

𝓁
𝐻 + 2𝓁

)

(5)

We use a gamma likelihood model in the shape-rate parametrization 
(Eq. (6)–(8)) to model the relationship between MEP size (𝑦) and 
stimulation intensity 𝑥 . Specifically, we model the expected MEP size 
( )
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Table 2
Summary of real datasets used in this study.
 Dataset Number of aDataset size Recruitment bNumber of  
 participants curves (RCs) samples per RC 
 cRat SCS 8 7676 samples × 6 muscles 150 51.2 ± 4.5  
 dHuman TMS 27 1843 samples × 6 muscles 27 68.3 ± 14.2  
 eHuman SCS 13 1150 samples × 4 muscles 26 44.2 ± 22.3  
a Each sample corresponds to stimulation at a given intensity, and responses are recorded simultaneously from multiple muscles.
b Mean ± standard deviation of the number of samples per recruitment curve.
c Electrode arrays were placed over the cervical spinal cord and stimulated using 21 distinct spatial configurations. Intensity is measured in 
μA, AUC response in μV s.
d Includes 14 uninjured and 13 spinal cord injury participants. Intensity in % MSO, peak-to-peak amplitude response in mV.
e Each participant was stimulated at both midline and lateral cervical spinal locations. Intensity in mA, AUC response in μV s.
as a rectified-logistic function of intensity, since E (

𝑦 ∣ 𝑥,𝛺, 𝑐1, 𝑐2
)

= 𝜇 =
𝐹 (𝑥 ∣ 𝛺). For 𝑐1, 𝑐2 > 0 and 𝛺 = {𝑎, 𝑏, 𝐿,𝓁,𝐻}

𝑦 ∣ 𝑥,𝛺, 𝑐1, 𝑐2 ∼ Gamma (𝜇𝛽, 𝛽) (6)

𝜇 = 𝐹 (𝑥 ∣ 𝛺) (7)

𝛽 = 1
𝑐1

+ 1
𝑐2𝜇

(8)

We chose a gamma distribution to capture the long-tailed distribu-
tion of MEP size around the recruitment curve. We specify the rate 
parameter 𝛽 of the gamma distribution as a linear function of the 
reciprocal of expected MEP size 

(

1
𝜇

)

 with positive weights 
(

1
𝑐1
, 1
𝑐2

)

 to 
capture the heteroskedastic spread that increases with increasing MEP 
size.

Recruitment curves
More generally, 𝐹  (Eq. (7)) is called the recruitment curve function 

in the context of modeling MEP size, which transforms the input stimu-
lation intensity (𝑥), and links it to the expected MEP size E (𝑦 ∣ 𝑥). 𝐹  can 
be replaced by other available choices, including the rectified-linear, 
logistic-4, or logistic-5.

The parametric definition of threshold discussed thus far differs 
from the resting motor threshold (RMT) used in TMS studies, which 
is the minimum stimulation intensity that produces a predefined MEP 
size of 50 μV in at least 50% of repetitions [63]. In general, RMT detects 
the threshold after the MEP size is already above the offset noise floor 
(see Discussion).

2.2. Hierarchical Bayesian model

Standard model
The simplest form of a standard three-stage hierarchical Bayesian 

model (Eq. (9)–(11)) for modeling MEP size can be described as follows. 
Let there be 𝑁𝑃 × 𝑁𝑀  exchangeable sequences
{

(

𝑥𝑖𝑝, 𝑦𝑖𝑝,𝑚
)𝑛(𝑝)
𝑖=1 ∣ 𝑝 = 1, 2…𝑁𝑃 , 𝑚 = 1, 2…𝑁𝑀

}

, where 𝑦𝑖𝑝,𝑚 ∈ R+ rep-
resents the MEP size recorded at stimulation intensity 𝑥𝑖𝑝 ∈ R+ ∪ {0}
from muscle 𝑚 of participant 𝑝, for a total of 𝑁𝑀  muscles of 𝑁𝑃
participants. Here 𝑛(𝑝) denotes the number of intensities, or stimuli, 
tested for participant 𝑝, which is independent of muscle 𝑚, since MEP 
size 𝑦𝑖𝑝,𝑚 is recorded simultaneously from all muscles 𝑚 = 1, 2…𝑁𝑀  at 
a given intensity 𝑥𝑖𝑝.

The first stage of hierarchy is the participant-level (Eq. (9)). It 
specifies the likelihood model 𝑃 (

𝑦𝑖𝑝,𝑚 ∣ 𝑥𝑖𝑝, 𝜃𝑝,𝑚
) for each of the 𝑁𝑀

muscles of 𝑁𝑃  participants, and models the MEP size 𝑦𝑖𝑝,𝑚 as a function 
of intensity 𝑥𝑖𝑝 and participant-level parameters 𝜃𝑝,𝑚. In the second 
stage (Eq. (10)), the participant-level parameters 𝜃𝑝,𝑚 are assumed to be 
drawn from a common distribution 𝑃 (𝜃𝑝,𝑚 ∣ 𝛾), which depends on the 
population-level hyper-parameters 𝛾. In the third stage (Eq. (11)), the 
population-level hyper-parameters 𝛾 are assumed to be unknown and 
assigned a weakly informative prior 𝑃 (𝛾), also called the hyperprior.
Stage I 𝑦𝑖

𝑝,𝑚 ∼ 𝑃
(

𝑦𝑖
𝑝,𝑚 ∣ 𝑥𝑖𝑝, 𝜃𝑝,𝑚

)

(9)

Stage II 𝜃𝑝,𝑚 ∼ 𝑃 𝜃𝑝,𝑚 ∣ 𝛾 (10)
( )

1858 
Stage III 𝛾 ∼ 𝑃 (𝛾) (11)

Supplementary Fig. S3g,h specifies the standard hierarchical Bayesian 
model for human TMS data that was evaluated for its accuracy and 
statistical power (Results 3.1, 3.2, see Methods 2.3 for details). We 
also compared the rectified-logistic function against other available 
choices using the same model structure (Results 3.3, see Methods 2.4 
for detailed implementations). Appendix A1–A3 show curves estimated 
using the standard HB model for rat SCS, human TMS, and human SCS 
data, respectively. The shaded region shows the 95% highest density 
interval (HDI) of the posterior predictive distribution, which is narrow 
and covers most of the observed data, indicating the model does a good 
job of capturing the variability. The vertical dashed line gives the point 
estimate of the threshold, with its full posterior distribution shown 
below. The right-side density plot shows the posterior distribution of 
the saturating MEP size.

Paired comparison
This section presents a hierarchical model that is useful for estimat-

ing shift in curve parameters. This is applicable in settings where the 
same set of participants are tested for multiple experimental conditions 
(repeat measurements), such as pre- and post-intervention phases, stim-
ulation locations (e.g., midline or lateral), or stimulation parameters 
(e.g., electrode size, stimulation frequency).

Supplementary Fig. S4 gives the graphical representation of such a 
model used to summarize differences in the threshold parameter. Here 
we have the threshold 𝑎𝑝,𝑐,𝑚 of participant 𝑝, at tested condition 𝑐 and 
muscle 𝑚 given by, 

𝑎𝑝,𝑐,𝑚 =

⎧

⎪

⎨

⎪

⎩

𝑎𝑝,𝑚fixed 𝑐 = 1

𝑎𝑝,𝑚fixed + 𝑎𝑝,𝑐,𝑚𝛥 𝑐 > 1
(12)

The threshold is broken (Eq. (12)) into a fixed component (𝑐 = 1)
and a shift component (∀𝑐 > 1) that measures the difference from the 
fixed component. The shift component is parametrized by condition-
level location (𝜇𝑐,𝑚

𝑎𝛥

) and scale (𝜎𝑐,𝑚𝑎𝛥

) hyperparameters. The location 
hyperparameters (𝜇𝑐,𝑚

𝑎𝛥

) summarize the shift of each tested condition 
(∀𝑐 > 1) from the fixed component (𝑐 = 1) for each muscle, and the scale 
parameters (𝜎𝑐,𝑚𝑎𝛥

) measure the variability in the estimated shifts.
A priori we assume there is no shift from the fixed component 

and the location hyperparameters (𝜇𝑐,𝑚
𝑎𝛥

) are given a flat prior which 
is symmetric about zero. Once the model is fit, the 95% HDI of the 
posterior is used to assess the strength of shift for condition 𝑐 and 
muscle 𝑚. The same model structure can also be used to summarize 
differences in other curve parameters, once they are parametrized by 
location-scale hyperparameters.

Extension to mixture model
The models discussed so far can be extended to handle outliers by 

replacing the gamma distribution (Eq. (6)) with a two-component mix-
ture of gamma and half-normal distributions. The resultant likelihood 
model (Eq. (13)–(16)) is given as,
𝑦 ∣ 𝑥 ∼

(

1 − 𝑞
)

⋅ Gamma 𝜇𝛽, 𝛽 + 𝑞 ⋅HN
(

𝜎
)

(13)
𝑦 ( ) 𝑦 outlier
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Table 3
Number of parameters in a standard hierarchical Bayesian model.
 Model component Choice aNumber of parameters 
 Curve function (𝑁curve

)

Rectified-logistic 5 (𝑎, 𝑏, 𝐿,𝐻,𝓁)  
 Logistic-5 5 (

S50 , 𝑏, 𝐿,𝐻, 𝑣
)  

 Logistic-4 4 (

S50 , 𝑏, 𝐿,𝐻
)  

 Rectified-linear 3 (𝑎, 𝑏, 𝐿)  
 Likelihood model (𝑁like

)

Gamma 2 (

𝑐1 , 𝑐2
)  

 bMixture extension Outlier probability 1 (

𝑝outlier
)  

 Total parameters cStandard HB model (𝑁HB
)

𝑁curve +𝑁like +𝑁parent  
 Mixture extension of standard HB 𝑁HB + 1  
a 𝑎 threshold, 𝑏 controls slope, 𝐿 offset, 𝐻 distance to saturation, 𝓁 controls location of inflection point, S50 intensity at 
half-maximum response above offset, 𝑣 controls asymmetry.
b Includes Bernoulli indicators 𝑞𝑦 for each observation, which are latent and not counted.
c Curve and likelihood parameters scale linearly with the number of recruitment curves, and include a constant number of 
parent hyperparameters (𝑁parent

) determined by the choice of curve and likelihood.
𝑞𝑦 ∼ Bernoulli
(

𝑝outlier
)

(14)

𝑝outlier ∼ Uniform
(

0, 𝐶𝑝outlier

)

(15)

𝜎outlier ∼ HN (𝐿 +𝐻) (16)

where 𝐶𝑝outlier ∈ (0, 1) is a constant and chosen to be small, usually in the 
range (0.01, 0.05). Intuitively, this means that we expect roughly 1%−5%
outliers, to be captured by the half-normal distribution. Supplementary 
Fig. S5 shows the mixture extension of the standard model. Table  3 
provides a component-wise breakdown of the number of parameters 
in the standard HB model and its mixture extension. Appendix B1–B3 
show curves estimated using the mixture extension of the standard HB 
model for rat SCS, human TMS, and human SCS data, respectively.

More generally, the gamma likelihood (Eq. (6)) can be replaced 
with alternative distributions [39,64–67], for example, a log-normal. 
Supplementary Methods S1.1 discusses a few such alternatives.

2.3. Robustness & efficiency

Accurate estimation of threshold on sparse data
In Results 3.1 (Fig.  2a–d), we used the standard model (Supple-

mentary Fig. S3g,h) to estimate participant- and population-level pa-
rameters from TMS data. We used data from the APB muscle (𝑁𝑀 =
1), which was the target muscle for 21 of the total 27 participants 
(𝑁𝑃 = 27, Fig.  2a). The model was conditioned on the estimated 
participant-level parameters (𝑐1, 𝑐2, 𝑎…𝐻

) to replicate the observed 
participants (Fig.  2b). It was conditioned on the estimated population-
level parameters 

(

𝜎𝑐1 , 𝜎𝑐2 , 𝜇𝑎 … 𝜎𝐻
)

 to simulate new participants (Fig. 
2c).

We used the first two components of principal component analysis 
(PCA) to visualize the participant-level parameters on Cartesian plane 
(Fig.  2d). The PCA map was fit on parameters estimated from existing 
TMS participants (Fig.  2d, pink dots). The map was used to project 
parameters simulated from the prior predictive distribution (blue dots) 
and parameters of the new simulated participants (green dots) on the 
Cartesian plane.

The estimated population-level parameters consisted of 10,000 pos-
terior samples (10 chains, 1000 samples each). A total of 16 partic-
ipants were simulated conditioned on the estimated population-level 
parameters—resulting in 10,000 distinct draws, each consisting of 16 
participants. The threshold values for these draws were used as ground 
truth for a comparative analysis in Results 3.1 (Fig.  2e,f).

In Results 3.1 (Fig.  2e,f), we compared the standard hierarchical 
Bayesian model (HB, Supplementary Fig. S3g,h) against three non-
hierarchical models to assess how partial pooling across participants 
affects the accuracy of estimating the threshold. These included a 
non-hierarchical Bayesian (nHB) model, implemented equivalently to 
the HB model using the same priors, except without any pooling; 
maximum likelihood (ML) model implemented using uniform priors for 
the participant-level parameters; and the least squares method (LSM), 
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which utilized the SciPy [68] library to minimize the residual sum of 
squares between the observed data points and the estimated recruit-
ment curve fit. The cost function was minimized using the Nelder–Mead 
method [69] for which reasonable boundaries were set for each param-
eter of the curve. The Nelder–Mead method was reinitialized 20 times 
with different starting points to avoid local minima, and the threshold 
point estimate was chosen based on the minimum cost function. For 
the HB, nHB, and ML models, point threshold estimates were calculated 
using the mean of the threshold posterior. These point estimates were 
used to compute mean absolute error from the ground truth thresholds 
(described below). Fig.  2e consisted of 48 equispaced stimulation inten-
sities between 0–100% MSO (in Supplementary Fig. S3g, 𝑛(𝑝) = 48 ∀𝑝). 
Fig.  2f consisted of the first 8 participants of each draw (𝑁𝑃 = 8). Both 
analyses involved a single repetition per intensity and were repeated for 
4000 draws, which were randomly chosen without replacement from 
the total 10,000 simulated draws.

The mean absolute errors were calculated as follows—let 𝑎𝑑1 , 𝑎𝑑2 ,… ,
𝑎𝑑16 be the true thresholds for the sixteen participants of the 𝑑th draw, 
and let 𝑎̂𝑑1 , 𝑎̂𝑑2 ,… , 𝑎̂𝑑𝑛  be the corresponding point estimates of a model for 
the first 𝑛 ∈ {1, 2,… , 16} participants. Then, the error for 𝑛 participants 
of the 𝑑th draw is given by 𝑒𝑛,𝑑 = 1

𝑛
∑𝑛

𝑝=1|𝑎
𝑑
𝑝 − 𝑎̂𝑑𝑝 |. Finally, the 

error for 𝑛 participants (Fig.  2e,f) across all 4000 draws is given by 
𝑒𝑛 = 1

4000
∑4000

𝑑=1 𝑒𝑛,𝑑 , which is the sample mean of {𝑒𝑛,1, 𝑒𝑛,2 … 𝑒𝑛,4000}. 
The error bars (Fig.  2e,f) represent the standard error of 𝑒𝑛 given by 
SE𝑒𝑛 =

𝜎𝑒𝑛
√

4000
, where 𝜎𝑒𝑛 =

{

∑4000
𝑑=1

(

𝑒𝑛,𝑑 − 𝑒𝑛
)2 ∕ (4000 − 1)

}
1
2  is the 

sample standard deviation.

Bayesian estimation for detecting a shift in threshold
In Results 3.2 (Fig.  2g,h), we simulated a total of 20 participants. 

The parameters for both pre- and post-intervention phases, except 
for the post-intervention thresholds, were simulated by conditioning 
the model (Supplementary Fig. S3g,h) on the estimated population-
level parameters. The post-intervention thresholds were obtained by 
subtracting values from the pre-intervention thresholds, where the 
values to be subtracted were simulated from a normal distribution 
N (𝜇 = −5, 𝜎 = 2.5) for a negative shift, and N (0, 2.5) for no shift. This 
assumed that the intervention did not alter the distribution of any 
parameter other than the threshold.

The null hypothesis assumed zero shift from pre- to
post-intervention, whereas the alternative hypothesis posited a non-
zero shift. Supplementary Fig. S6 (with 2 ≤ 𝑁𝑝 ≤ 20) specifies 
the paired comparison model, or the hierarchical Bayesian estimation 
(HBe) approach, that was compared against the standard hierarchical 
Bayesian (HB, Supplementary Fig. S3g,h) and non-hierarchical models. 
For the HBe model, the null hypothesis was rejected if the 95% HDI 
of the population-level location hyperparameter 

(

𝜇𝑎𝛥
)

 excluded zero; 
otherwise, the null hypothesis was not rejected. For the HB, nHB, 
ML, and LSM models, a two-sided Wilcoxon signed-rank test [70] was 
conducted on their point threshold estimates. The significance level 
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was set at 5% and the null hypothesis was rejected if the 𝑝-value 
was below 0.05. A 𝑡-test was not applicable due to non-normality of 
estimated pairwise threshold differences as indicated by Shapiro–Wilk 
test. The analyses (Fig.  2g,h) consisted of a single repetition of 48 
equispaced stimulation intensities between 0–100% MSO, and were 
repeated for 2000 draws, randomly chosen without replacement from 
the total 10,000 simulated draws.

The true and false positive rates were calculated as follows—let 
𝐻0 be the null hypothesis (zero shift), 𝐻1 be the alternative hypoth-
esis (non-zero shift). We define the indicator variable 𝟏𝑛,𝑑 ∈ {0, 1}
which evaluates to 1 if a statistical test (e.g., the 95% HDI test for 
the HBe model, and the two-sided signed-rank test for other models) 
rejects 𝐻0 based on the first 𝑛 participants of the 𝑑th draw, and 0
otherwise. We distribute the 2000 draws into 20 blocks of 100 draws 
each, so that the 𝑏th block consists of draws with indices in B𝑏 =
{100𝑏 − 99, 100𝑏 − 98…100𝑏}. Define 𝜋𝑛,𝑏 = 1

100
∑

𝑑∈B𝑏 𝟏𝑛,𝑑 , which is the 
sample mean of the set of binary values {𝟏𝑛,𝑑 ∣ 𝑑 ∈ B𝑏

}

. Additionally, 
define 𝜋𝑛 = 1

20
∑20

𝑏=1 𝜋𝑛,𝑏, which is the sample mean of the set of values 
{

𝜋𝑛,1 …𝜋𝑛,20
}

. When the differences come from N (−5, 2.5), the null 
hypothesis is false and the true positive rate (Fig.  2g) is given by 𝜋𝑛. 
When the differences come from N (0, 2.5), the null hypothesis holds and 
the false positive rate (Fig.  2h) is given by the same 𝜋𝑛. The error bars 
(Fig.  2g,h) represent the standard error of 𝜋𝑛 given by SE𝜋𝑛 =

𝜎𝜋𝑛
√

20
, 

where 𝜎𝜋𝑛 =
{

∑20
𝑏=1

(

𝜋𝑛,𝑏 − 𝜋𝑛
)2 ∕ (20 − 1)

}
1
2  is the sample standard 

deviation.

2.4. Choice of recruitment curve function

In Results 3.3 (Fig.  3e–g), we used the standard model structure 
for cross-validation [71]. Supplementary Fig. S7 specifies the standard 
model for rat epidural SCS, human TMS and human epidural SCS 
datasets with the rectified-logistic, logistic-5, logistic-4 and rectified-
linear functions. For the rat epidural SCS data, 150 recruitment curves 
were fit simultaneously on six muscles: abductor digiti minimi (ADM), 
biceps, deltoid, extensor carpi radialis longus (ECR), flexor carpi radi-
alis (FCR), and triceps—for a total of 900 curves. For the human TMS 
data, 27 curves were fit simultaneously on six muscles: ADM, abductor 
pollicis brevis (APB), biceps, ECR, FCR, and triceps—for a total of 162 
curves. For the human SCS data, 26 curves were fit simultaneously on 
four muscles: ADM, APB, biceps, and triceps—for a total of 104 curves. 
An ArviZ [72] implementation of cross-validation [71] was used to 
compute expected log-pointwise predictive density (ELPD) scores and 
pairwise differences from the best-ranked model.

In Results 3.4 (Fig.  4c), the standard model with rectified-logistic 
function and gamma distribution (Supplementary Fig. S7 with rectified-
logistic function, Eq. (6)–(8)) was compared to its mixture extension 
(Eq. (13)–(16)). Supplementary Fig. S8 specifies the mixture model on 
all datasets.

Additionally, we evaluated how varying levels of saturation in the 
data affect the accuracy of estimating the threshold and S50 parameters 
(Supplementary Fig. S1). Using the standard model (Supplementary 
Fig. S3g,h) with the rectified-logistic function (Eq. (4)), we estimated 
the threshold parameter for the first eight participants (𝑁𝑃 = 8) of 
synthetic TMS data (Methods 2.3). This analysis consisted of a single 
repetition of 48 equispaced stimulation intensities ranging from 0–70% 
MSO (𝑛(𝑝) = 48 ∀𝑝), and was repeated 4000 times. The full stimu-
lator output range 0–100% MSO was not included to mimic realistic 
experimental constraints where higher intensities are often excluded 
due to participant discomfort. For each participant and draw, the mean 
absolute error was calculated as described in Methods 2.3. These errors 
were subsequently grouped into bins based on the saturation levels 
observed in the data, which we define as follows—let 𝐹  represent the 
rectified-logistic function (Eq. (4)), and let 𝛺 = {𝑎, 𝑏, 𝐿,𝓁,𝐻} represent 
the set of simulated parameters for a given participant and draw. Then, 
𝐹 (70∣𝛺)
𝐿+𝐻  gives the proportion of saturation observed in this case, which 
is the ratio of the function evaluated at the highest tested intensity 
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𝐹 (70 ∣ 𝛺) and the actual saturation level (𝐿 +𝐻). Supplementary Fig. 
S1 displays the sample mean of the errors for each bin, and the error 
bars represent the standard error of the mean. The estimation error for 
the S50 parameter was calculated similarly, except the rectified-logistic 
function in the standard model was reparametrized to explicitly include 
S50 as a model parameter, to enable its partial pooling across par-
ticipants. Eq.  (17) gives the reparametrized rectified-logistic function, 
where the parameter 𝑎 represents the S50. For 𝑎, 𝑏, 𝐿,𝓁,𝐻 > 0, define 
the rectified-logistic function in the S50 parametrization 𝐺 ∶ R → R+

as 

𝐺 (𝑥) = 𝐿 + max

⎧

⎪

⎨

⎪

⎩

0,−𝓁 + 𝐻 + 𝓁

1 +
(

𝐻
𝐻+2𝓁

)

𝑒−𝑏(𝑥−𝑎)

⎫

⎪

⎬

⎪

⎭

(17)

2.5. Common use case

Paired comparison on human SCS data
In Results 3.5 (Fig.  5), we used the mixture extension of the paired 

comparison model to estimate the threshold differences between mid-
line and lateral stimulation positions. Supplementary Fig. S9 specifies 
the model used for this analysis. Here, 𝑐 = 1 and 𝑐 = 2 represent 
lateral and midline stimulation positions, respectively. Fig.  5b displays 
the HDI of the location hyperparameter 

(

𝜇𝑚
𝑎𝛥

)

 for each muscle. All 
muscles of the arm and hand (biceps, triceps, APB, and ADM) recorded 
simultaneously from all 13 participants were analyzed.

In Fig.  5c and Supplementary Fig. S2, we bootstrapped the data 
from 13 participants to evaluate the statistical power and family-wise 
error rate of the HBe model. The results were compared against the 
standard hierarchical Bayesian (HB, Supplementary Fig. S7 with human 
SCS hyperpriors) and non-hierarchical models. Due to sparse data, 
the least squares method was reinitialized 1000 times to avoid local 
minima. For evaluating the power (Fig.  5c), participants were randomly 
sampled with replacement. For evaluating the family-wise error rate 
(Supplementary Fig. S2), the midline and lateral conditions were, with 
equal probability, either interchanged or kept the same, independently 
for each participant sampled with replacement. This removed any effect 
between the two conditions. However, since the muscles were recorded 
simultaneously, the conditions were either interchanged for all muscles 
or for none of them, for a given participant. Hence, this shuffling proce-
dure removed the effect in all muscles. Due to this constraint, we could 
only evaluate the family-wise error rate in the weak sense, i.e., the 
probability of at least one false positive when the null hypothesis (no 
difference between the thresholds of the two conditions) is true in all 
muscles. Since we do not account for outliers in the nHB, ML, and 
LSM models, the mixture distribution in the HBe model was turned 
off prior to evaluating it on the bootstrapped data (Supplementary Fig. 
S9, 𝑞𝑦 = 0). Both analyses in Fig.  5c and Supplementary Fig. S2 were 
repeated for 2000 bootstrap draws.

For the standard HB and non-hierarchical models, a two-sided 
Wilcoxon signed-rank test [70] was conducted on their point threshold 
estimates, similar to Methods 2.3. A Bonferroni-Holm correction [73] 
was applied to the 𝑝-values of the four tested muscles to control the 
family-wise error rate at the 5% significance level. For the HBe model, a 
similar procedure was applied to the posterior probabilities of rejecting 
the null hypothesis. Consider the posterior of the location hyperparam-
eter 𝜇𝑚

𝑎𝛥
 of muscle 𝑚, and define 𝑝+𝑚 and 𝑝−𝑚 as the proportions of its 

posterior samples that are greater and less than 0, respectively. Define 
𝑝𝑚 = max

{

𝑝+𝑚, 𝑝
−
𝑚
} and let 𝐻𝑚 be the null hypothesis for muscle 𝑚. 

Without loss of generality, we can assume 𝑝1 ≥ 𝑝2 ≥ 𝑝3 ≥ 𝑝4. With 
𝛼 = 0.05, the correction procedure for the HBe model was as follows,

𝑚 ← 1
while 𝑚 ≤ 4 do
 if 𝑝𝑚 ≥ 1 − 𝛼

2⋅(4−𝑚+1)  then reject 𝐻𝑚
 else
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 break
 end if
 𝑚 ← 𝑚 + 1
end while
Whenever the above procedure exits, we fail to reject the remaining 

hypotheses. The true positive, false positive, and family-wise error 
rates were calculated as follows—define the indicator variable 𝟏𝑚𝑛,𝑑 ∈
{0, 1} which evaluates to 1 if a corrected testing procedure rejects 𝐻𝑚
based on the first 𝑛 participants of the 𝑑th bootstrap draw, and 0
otherwise. We distribute the 2000 bootstrap draws into 20 blocks of 
100 draws each, so that the 𝑏th block consists of draws with indices 
in B𝑏 = {100𝑏 − 99, 100𝑏 − 98…100𝑏}. Define 𝜋𝑚

𝑛,𝑏 = 1
100

∑

𝑑∈B𝑏 𝟏
𝑚
𝑛,𝑑 and 

𝜋𝑚
𝑛 = 1

20
∑20

𝑏=1 𝜋
𝑚
𝑛,𝑏. When the conditions are not interchanged, the null 

hypothesis is false for all muscles and the true positive rate (Fig.  5c) 
for muscle 𝑚 is given by 𝜋𝑚

𝑛 . When the conditions are, with equal 
probability, either interchanged or kept the same, independently for 
each sampled participant, the null hypothesis holds in all muscles and 
the false positive rate (Supplementary Fig. S2a–d) for muscle 𝑚 is given 
by the same 𝜋𝑚

𝑛 . The error bars (Fig.  5c, Supplementary Fig. S2a–d) 
represent the standard error of 𝜋𝑚

𝑛  given by SE𝜋𝑚𝑛 = 𝜎𝜋𝑚𝑛  where 𝜎𝜋𝑚𝑛 =
{

∑20
𝑏=1

(

𝜋𝑚
𝑛,𝑏 − 𝜋𝑚

𝑛

)2
∕ (20 − 1)

}
1
2  is the sample standard deviation.

Furthermore, we define 𝜋𝑛,𝑏 = 1
100

∑

𝑏∈B𝑏 𝟏𝑛,𝑑 where 𝟏𝑛,𝑑 = max{𝟏𝑚𝑛,𝑑 ∣
𝑚 = 1…4} ∈ {0, 1} is again an indicator variable that evaluates to 1 
if a corrected testing procedure rejects at least one of the hypotheses 
𝐻1 …𝐻4 based on the first 𝑛 participants of the 𝑑th draw, and 0
otherwise. Then, 𝜋𝑛 = 1

20
∑20

𝑏=1 𝜋𝑛,𝑏 gives the overall family-wise error 
rate (Supplementary Fig. S2e) when the conditions are interchanged. 
The error bars (Supplementary Fig. S2e) represent the standard error 
of 𝜋𝑛 given by SE𝜋𝑛 = 𝜎𝜋𝑛  where 𝜎𝜋𝑛 =

{

∑20
𝑏=1

(

𝜋𝑛,𝑏 − 𝜋𝑛
)2 ∕ (20 − 1)

}
1
2

is the sample standard deviation.

Optimizing experimental design
In Results 3.6 (Fig.  6a–d), we evaluated the effect of single versus 

multiple repetitions per stimulation intensity on the accuracy of thresh-
old estimation. For the first eight participants of synthetic TMS data 
(Methods 2.3), we simulated a total of eight observations per intensity, 
across a total of 64 equispaced intensities between 0–100% MSO. With 
repetition counts 𝑟 ∈ {1, 4, 8} and total number of stimuli (including 
repetitions) 𝑇 ∈ {32, 40, 48, 56, 64} (𝑛(𝑝) = 𝑇 ∀𝑝), the number of unique 
intensities tested was given by 𝑇 ∕𝑟, which were subsampled from 
the initial set of 64 equispaced intensities. Supplementary Fig. S3g,h 
specifies the model used to estimate the thresholds. This analysis was 
repeated for 4000 draws, and the errors were calculated as described 
in Methods 2.3.

Additionally, we evaluated the statistical power of the hierarchical 
Bayesian approach (HBe, Supplementary Fig. S4) to detect threshold 
shift between pre- and post-intervention phases, depending on the 
number of repetitions per intensity (Fig.  6e). For a fixed total of 64 
stimuli (𝑇 = 64), and repetition counts 𝑟 ∈ {1, 4, 8}, the number 
of unique intensities tested was again given by 𝑇 ∕𝑟. The parameters 
were simulated, and true positive rates were calculated as described in 
Methods 2.3. This analysis was repeated for 2000 draws.

2.6. Statistics & reproducibility

All Bayesian models were implemented in NumPyro [74,75], using 
the No-U-Turn Sampler (NUTS) [76].

For paired comparison of point threshold estimates across condi-
tions, we used the two-sided Wilcoxon signed-rank test [70]. When 
multiple muscles were tested simultaneously, the Bonferroni-Holm cor-
rection [73] was applied to control the family-wise error rate at 5%. For 
the hierarchical Bayesian estimation (HBe) model, a procedure similar 
to Bonferroni-Holm correction was applied to the posterior probabilities 
of rejecting the null hypothesis (see Methods 2.5).

The code to reproduce the presented analyses is available on GitHub 
(see Code availability).
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2.7. Human TMS and SCS data

All procedures were reviewed and approved by the Institutional 
Review Board (IRB) of James J. Peters Veterans Affairs Medical Center 
(JJP VAMC); Weill Cornell Medicine (WCM-IRB, 1806019336); and 
Columbia University Irving Medical Center (IRB 2, protocol
AAAT6563). The study was pre-registered at clinicaltrials.gov
(NCT05163639). Written informed consent was obtained prior to study 
enrollment, and all experimental procedures were conducted in com-
pliance with institutional and governmental regulations guiding ethical 
principles for participation of human volunteers. The goal of the study 
consisted of assessing the synergistic [77] and plasticity inducing effects 
of combining brain (TMS or transcranial electrical stimulation) and 
spinal cord (transcutaneous or epidural) stimulation in uninjured and 
SCI participants. TMS and epidural SCS recruitment curve data was 
extracted from one session per participant in the presented analysis.

Human TMS data
Individuals between the ages of 18 and 80 without neurological 

injury (uninjured volunteers) and individuals with chronic (> 1 year) 
cervical SCI, were eligible for recruitment. SCI participants required 
partially retained motor hand function, scoring 1–4 (out of 5) on 
manual muscle testing, with detectable TMS-evoked MEPs (greater than 
50 μV) of the left or right target muscle. Recruitment curve data from 
13 individuals living with SCI and 14 individuals with no neurological 
deficits available at the time of this study were used for analysis. 
SCI motor level and impairment severity were determined by clinical 
examination according to the International Standards for the Neurolog-
ical Classification of SCI (ISNCSCI). Surface electromyography (EMG) 
preamplifiers were placed bilaterally over the APB, FDI, ADM, FCR, 
ECR, biceps brachii short head (which we refer to as biceps), triceps 
brachii long head (which we refer to as triceps), and tibialis anterior 
(TA) muscle in a belly-tendon montage, as described previously [78]. 
EMG signals were bandpass filtered between 15 and 2000 Hz, and 
sampled at 5000 Hz via an MA400 EMG system (Motion Lab Systems 
Inc., Louisiana, USA).

TMS was delivered with a MagPro X100 system (MagVenture Inc., 
Georgia, USA) with 80 mm winged coil (D-B80; MagVenture Inc.) 
placed over the hand motor cortex (M1) hotspot for optimal response in 
the target muscle. Electromagnetic stimulation was delivered as a single 
biphasic sinusoidal (anodic-first; 1.0 ms) pulse. The TMS coil, and an 
adhesive headpiece donned on the participants were fitted with passive 
markers detected by a stereotactic neuronavigation system (BrainSight; 
Rogue Research, Montreal, Canada). The coil was oriented at a 45-
degree angle from the medial-sagittal plane so that a posterior–anterior 
directed electric field perpendicular to the central sulcus was induced 
in the underlying cortical tissue.

Recruitment curves were assembled via delivery of TMS pulses of 
varying intensities in pseudorandom order ranging from subthreshold 
to 200% or more of threshold. Analog-to-digital data acquisition and 
output systems (National Instruments (NI) USB-6363 and NI USB-6229; 
Emerson Electric Co., Missouri, USA) were controlled with customized 
LabVIEW software (Emerson Electric Co., Missouri, USA) in order 
to integrate electromyographic recordings and synchronize stimulator 
triggers. In each participant, a total of 61.4 ± 14.0 stimulation pulses 
between 26.0 ± 13.3% to 81.1 ± 16.1% MSO. In 16 participants (SCI 
𝑛 = 7) the total number of pulses were divided into 7–8 repetitions per 
stimulation intensity. In the remaining 11 participants (SCI 𝑛 = 6), the 
stimulation protocol was changed so that each stimulation trial had a 
unique intensity based on the preliminary development of our hbMEP 
approach (see Fig.  6). MEPs in triceps, biceps, ECR, FCR, APB and ADM 
contralateral to the site of stimulation were quantified as peak-to-peak 
in an 83.5 ms window starting at 6.5 ms after the start of the first 
stimulation pulse. Due to temporal jitter in the recording system for 
the triceps muscle, the starting point of the window was increased to 
10.6 ± 2.1 ms in order to avoid stimulation artifacts.
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Human epidural SCS data
Detailed protocols can be found in McIntosh et al. 2023 [13], rele-

vant sections are reproduced here. Participants were adult patients with 
cervical spondylotic myelopathy and/or multilevel foraminal stenosis 
requiring surgical intervention. Patients were enrolled from the clinical 
practices of the spine surgeons participating in the study.

Epidural electrodes were used for stimulation during clinically in-
dicated surgeries, with EMG recordings taken from muscles selected as 
per standard of care. Recordings were made at a sampling rate between 
6 kHz and 10.4 kHz, bandpass filtered between 10 Hz and 2000 Hz. A 
three-pulse train was used for epidural spinal cord stimulation to reduce 
the necessary intensity to evoke an MEP.

In 13 participants, stimulation was applied at the most caudal ex-
posed segment at midline and lateral locations to compare recruitment 
curves. A handheld double-ball tip epidural electrode was positioned at 
midline, in line with the dorsal root entry zone. Stimulation intensity 
was incremented from 0 up to 8 mA to assess the activation threshold 
and estimate the subsequent recruitment curve (minimum 5 MEPs 
per stimulation intensity). The experiments proceeded by repeating 
the stimulation intensity ramp and fixed-intensity stimulation at the 
equivalent lateral site. MEPs were quantified in biceps, triceps, APB 
and ADM ipsilateral to the side of stimulation with the rectified AUC 
calculated in a window between 6.5 ms and 75 ms after the start of the 
first stimulation pulse.

2.8. Rat epidural SCS data

Eight Sprague Dawley rats were used in this study for a terminal 
physiology experiment. All procedures were conducted in compliance 
with the guidelines of the Institutional Animal Care and Use Committee 
at Columbia University in New York, NY, and followed aseptic tech-
niques. Detailed methodology of the protocol used can be found in 
Mishra et al. 2017 [79] and Pal et al. 2022 [20].

EMG activity was recorded from 8 different muscles: left ECR, FCR, 
biceps, triceps, ADM, deltoid, biceps femoris, and right biceps. Flexible, 
braided stainless steel wires were employed for EMG recording. A hole 
was drilled into the skull between the eyes, and the ground screw 
electrode was inserted into the hole. EMG and ground electrodes were 
soldered to the connector and covered with epoxy to ensure insulation. 
Subsequently, the connector was attached to the recording system.

After placing the EMG electrodes, the animal’s head was fixed and 
the T1 spinous process was clamped to stabilize the spine. The C4 
spinal cord was exposed by laminectomy. Custom designed electrode 
arrays [80] were placed in the dorsal epidural space in the midline 
of the spinal cord over the cervical enlargement (C5–C8). The arrays 
consisted of 12 electrodes arranged in a 4 by 3 configuration, with 
the outer columns aligned to each of the C5–C8 dorsal root entry 
zones and the central columns aligned to the spinal cord midline. The 
muscles over the spinal cord were brought back together to prevent 
temperature loss and reduce dryness around the spinal cord opening. 
Omnetics connectors (Omnetics Connector Corp.; Minneapolis, USA) 
for the spinal array and EMG wires were mounted on the skull for 
stimulation and recording.

Connectors for the spinal cord array and EMG wires were attached 
to a headstage ZIF-clip (Tucker–Davis Technologies; Florida, USA) 
via Omnetics connectors. Raw signals were sampled at 10 kHz. ZIF-
connectors were used to interface the implanted electrodes with a PZ5 
amplifier (Tucker–Davis Technologies) in turn connected to a real-time 
RZ2 signal processing system (Tucker–Davis Technologies).

A 16-channel IZ2H constant current stimulator (Tucker–Davis Tech-
nologies), controlled via custom Matlab (R2022a) scripts, delivered 
biphasic single-pulse stimulation of 200 μs every 2 s, with intensities 
linearly increased from 0 to an average of 325±88.6 μA across 51 
steps. Stimulation patterns were randomly applied across 21 spatial 
combinations on the left side and midline of the array, excluding high 
impedance electrodes from testing, resulting in an average of 18.8 ± 3.2 
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combinations tested per rat. EMG signals were high-pass filtered using 
a 20 Hz cutoff 10th order IIR filter. MEPs were quantified in biceps, 
triceps, ECR, FCR, APB and ADM ipsilateral to the side of stimulation 
by calculating the AUC within a 1.5 to 10 ms window post-stimulation 
onset.

3. Results

3.1. Accurate estimation of threshold on sparse data

We introduced a rectified-logistic function (Fig.  1c) for modeling 
MEP size recruitment curves and integrated it into a standard hierar-
chical Bayesian model. To enable a comparative analysis of different 
estimation methods based on their accuracy of recovering curve pa-
rameters, the resultant model was used to simulate synthetic data that 
closely matched real TMS data (Fig.  2a–d). We used the model to 
estimate both the participant- and population-level parameters from 
TMS data, which consisted of 27 participants (Fig.  2a). Using the es-
timated participant-level parameters, the model successfully replicated 
observations from existing TMS participants (Fig.  2b). Additionally, the 
model was conditioned on the estimated population-level parameters 
to simulate new participants (Fig.  2c). A principal component analysis 
(Fig.  2d) showed a large overlap between the parameters of new simu-
lated participants and those estimated from existing TMS participants, 
validating the quality of the synthetic data.

We evaluated the standard hierarchical Bayesian (HB) model for 
its accuracy in recovering the simulated thresholds (Fig.  2c, green 
line) and compared it against three non-hierarchical models: the con-
ventionally used maximum likelihood (ML) and least squares (LSM) 
methods, and an equivalent non-hierarchical Bayesian (nHB) model. 
The HB model demonstrated improved accuracy compared to the non-
hierarchical models (Fig.  2e,f). For a single participant, the mean 
absolute error (𝑒) of the HB model was not different from the nHB 
model (Fig.  2e, 𝑒nHB − 𝑒HB mean ± sem : −0.02 ± 0.02), but lower 
than the non-Bayesian models (𝑒ML − 𝑒HB ∶ 2.25 ± 0.13, 𝑒LSM − 𝑒HB ∶
4.74 ± 0.21). As the number of participants increased, the HB model 
further reduced the error over the non-hierarchical models (for 𝑁 = 16
participants, 𝑒nHB − 𝑒HB ∶ 2.2± 0.04, 𝑒ML − 𝑒HB ∶ 4.36± 0.06, 𝑒LSM − 𝑒HB ∶
6.74±0.04). In contrast, the errors of the non-hierarchical models did not 
change irrespective of the number of participants (𝑁) used for analysis 
(𝑒𝑁=1 − 𝑒𝑁=16 for nHB ∶ 0.13 ± 0.2, ML ∶ 0.23 ± 0.25, LSM ∶ 0.35 ± 0.18).

The HB model also accounted for small sample sizes, with its advan-
tage most apparent when the total number of stimuli (samples) were 
low (Fig.  2f, example shown with eight participants of the synthetic 
TMS data). For instance, with only 16 samples, the error difference 
between the nHB and HB models (𝑒nHB−𝑒HB) was 3.29±0.07, with a 46% 
reduction in the error over the nHB model. In contrast, for a relatively 
large number of 64 samples, the difference was less pronounced at 
1.77 ± 0.05, albeit with a similar reduction at 47%. Notably, the ML 
model performed worse than the LSM model when the data was very 
sparse (for 16 samples, 𝑒LSM − 𝑒ML ∶ −3.13±0.11), with its performance 
approaching that of the nHB model as the number of samples increased 
(for 64 samples, 𝑒nHB − 𝑒ML ∶ −1.63 ± 0.04).

3.2. Bayesian estimation for detecting a shift in threshold

The flexibility of hierarchical Bayesian estimation allows us to 
directly model the differences in participant-level thresholds, for ex-
ample, between pre- and post-intervention phases. These differences 
can be summarized across multiple participants using a population-
level parameter, and its 95% highest density interval (HDI) is used 
for hypothesis testing [81–85]. To evaluate the statistical power in the 
context of assessing effectiveness of an intervention, we simulated two 
hypothetical scenarios: one with a negative shift in the threshold from 
pre- to post-intervention, and another with a zero shift. A negative shift 
indicates that the intervention results in a lower threshold, thereby 
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Fig. 2. (a–d) Generative hierarchical Bayesian model simulates high-fidelity synthetic TMS data. (a) Example participant from human TMS data used by 
the standard hierarchical Bayesian model to estimate participant- and population-level parameters. (b) Data simulated from the model conditioned on estimated 
participant-level parameters. The model can replicate observed participants. (c) Data simulated from the model conditioned on estimated population-level 
parameters for subsequent model comparison. (d) Principal component analysis shows a large overlap between the new simulated parameters (green dots) and 
those estimated from observed TMS data (pink dots). Blue dots represent parameters simulated from the weakly informative prior predictive distribution. (e–f) 
Standard hierarchical Bayesian model improves threshold estimation accuracy over non-Bayesian and non-hierarchical models on simulated data. (e)
The standard hierarchical Bayesian (HB) model benefits from partial pooling across participants and uniquely reduces mean absolute error of threshold estimation 
as the number of participants increase. Error bars represent standard error of the mean. (f) For the first eight of the sixteen participants in (e), the error of 
the HB model remains below the non-hierarchical models at all tested number of stimuli, and its advantage is most pronounced for a low number of stimuli, 
i.e., on sparse data. (g–h) Bayesian estimation is more powerful when detecting a shift in the threshold compared to frequentist testing. (g) Hierarchical 
Bayesian estimation (HBe) requires fewer participants to achieve 80% power when detecting a shift in the threshold from pre- to post-intervention phase. Here 
the threshold differences are simulated from a Normal (𝜇 = −5, 𝜎 = 2.5) distribution, where the alternative hypothesis (non-zero shift) is true. (h) Comparison of 
false positive rates of Bayesian estimation and frequentist tests against the set significance level of 5% of signed-rank test. The differences are simulated from 
Normal (0, 2.5), where the null hypothesis (zero shift) is true. Except for (f), all simulations consisted of 48 equispaced stimulation intensities between 0–100% 
maximum stimulator output (% MSO). Blue rounded rectangles represent the same simulation configurations that are directly comparable. (For interpretation of 
the references to color in this figure legend, the reader is referred to the web version of this article.)
facilitating muscle activation. Even though our illustrative example is 
designed to simulate a detection of a negative shift, the framework 
inherently considers shifts in either direction, and the physiological 
significance of such a shift would depend on the experimental context. 
For hierarchical Bayesian estimation (HBe), the decision rule rejects the 
null hypothesis (zero shift) in favor of the alternative (non-zero shift) 
if the 95% HDI excludes zero. This was compared against a two-sided 
Wilcoxon signed-rank test [70] conducted on the point threshold esti-
mates of the standard hierarchical Bayesian (HB) and non-hierarchical 
models (a 𝑡-test was not applicable due to non-normality of estimated 
pairwise threshold differences as indicated by Shapiro–Wilk test). The 
significance level was set at 5% and the alternative hypothesis was 
accepted if the 𝑝-value was less than 0.05.

The hierarchical Bayesian methods required fewer participants to 
achieve 80% power compared to non-hierarchical models, with the 
HBe model requiring the fewest participants (Fig.  2g). Of the three 
non-hierarchical models, LSM and ML methods did not reach 80% 
power in the tested range of participants, while the nHB model required 
18 participants to achieve 80% power (at 𝑁 = 18 participants, true 
positive rate mean ± sem ∶ 80.1 ± 0.91%). In contrast, the standard HB 
model required only 13 participants (81.55 ± 0.82%), with a reduction 
of 28% in the number of participants. The HBe model further reduced 
the number of participants to 10 (82.5 ± 1.09%), a reduction of 23% 
compared to the standard HB model and 44% compared to the nHB 
model. Additionally, the false positive rates for all methods did not 
exceed the significance level of 5% (Fig.  2h), validating the observed 
differences in statistical power.
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3.3. Choice of recruitment curve function

The different choices for modeling recruitment curves include a 
three-parameter rectified-linear function [13,22,49–51] (Fig.  3a) and 
the most commonly used four-parameter logistic-4 function (Boltzmann 
sigmoid) [22,38,45–48] (Fig.  1b, 3b). Additionally, a five-parameter 
logistic-5 function [44] (Fig.  3c) is a more generalized version of 
logistic-4 that is not necessarily symmetrical about its inflection point.

We evaluated these functions, including the five-parameter
rectified-logistic function (Fig.  1c, 3d), for their out-of-sample pre-
dictive performance using approximate leave-one-out cross-validation 
(PSIS-LOO-CV) [71] on empirically obtained human and rat datasets for 
spinal cord stimulation (SCS) and TMS. Since PSIS-LOO-CV estimates 
predictive accuracy on held-out data, it inherently accounts for model 
complexity and favors models that generalize well over those that 
overfit. The rectified-logistic function demonstrated superior predictive 
accuracy over the rectified-linear and logistic-4 functions on all datasets 
(Fig.  3e–g, with respect to logistic-4 on rat SCS 𝛥𝜇±𝛥sem ∶ 3600.8±118.1, 
human TMS ∶ 156.3 ± 33.4, human SCS ∶ 60.4 ± 19.5, 𝛥𝜇 ≥ 3𝛥sem on all 
datasets). It also outperformed logistic-5 on the largest tested rat SCS 
dataset (Fig.  3e, 1891.5 ± 94.6, 𝛥𝜇 ≥ 3𝛥sem). For human TMS and SCS 
datasets, it maintained comparable performance to logistic-5 (Fig.  3f,g 
human TMS ∶ 39.9 ± 21.5, human SCS ∶ −6.8 ± 14.8).

While logistic functions are standard for estimating S50, the thresh-
old is neither an explicit parameter nor can it be derived from their 
equations since they are smooth functions. Conversely, the rectified-
linear function includes a threshold parameter but exhibits suboptimal 
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Fig. 3. Rectified-logistic function has at par or superior predictive performance compared to traditional alternatives while having the unique advantage 
of estimating the threshold along with curvature and saturation. (a) Example recruitment curve fitted to rat epidural SCS data using a three-parameter 
rectified-linear function. It underestimates the threshold at low intensities due to curvature in data, and subsequently overshoots at higher intensities while failing 
to capture saturation. Gray dots represent MEP size data, black curve shows the fitted curve, and gray shading represents the 95% HDI of the posterior predictive 
distribution. Inset: same curve shown on a log scale to highlight responses around threshold. (b) Four-parameter logistic-4 function (Boltzmann sigmoid) is 
symmetric about its inflection point, saturates early, and fails to capture the sharp deflection from offset. (c) Five-parameter logistic-5 function shows improved 
deflection and saturation. (d) Five-parameter rectified-logistic function is flexible enough to accurately capture the deflection, curvature, and saturation, resulting 
in narrower 95% HDI. (e) Predictive performance measured with expected log-pointwise predictive density (ELPD) using leave-one-out cross-validation on rat 
SCS dataset. Black circles represent mean ELPD score, black bars are standard error of mean ELPD, gray triangles are mean pairwise ELPD difference from the 
best-ranked rectified-logistic model (𝛥𝜇), and gray bars are standard error of the mean ELPD difference (𝛥sem). (f) Same as (e), but for human TMS dataset. (g)
Same as (e), but for human epidural SCS dataset. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.)
predictive performance (Fig.  3e–g). Furthermore, the estimation of S50
requires observing adequate amount of saturation in data, whereas the 
threshold can be accurately estimated independent of that (Supplemen-
tary Fig. S1). Given that observing adequate saturation is often infeasi-
ble, this makes the threshold a more reliable parameter for inferring 
changes in corticospinal excitability. Therefore, the rectified-logistic 
function addresses the limitations of traditional logistic functions by 
enabling estimation of threshold while either surpassing or matching 
their predictive performance on all datasets.

3.4. Robustness to outliers

Inaccuracies in model fitting often arise from sources of variability 
that occur independently of stimulation intensity, such as fascicula-
tions, movement, or technical anomalies. We define outliers as these 
rare occurrences, as well as observations that do not conform to our 
model assumptions. To account for these outliers without manual ex-
clusion, we introduced a mixture extension [60,86] of our gamma 
likelihood model which assigns a small, learnable probability that 
an observed sample comes from a broad distribution independent of 
stimulation intensity.

This adjustment yielded robust estimates that were otherwise biased 
by outliers (Fig.  4a, overestimated growth rate) and enabled automatic 
classification of outliers by returning an outlier probability for each 
observed sample (Fig.  4b, red dots). It further improved the predictive 
accuracy on all datasets (Fig.  4c, rat SCS ∶ 2261.5 ± 141, human TMS 
∶ 1384.9 ± 104.1, human SCS ∶ 721 ± 84, 𝛥𝜇 ≥ 3𝛥sem on all datasets).

3.5. Paired comparison on human SCS data

To validate the applicability of our method to real data, we con-
ducted a secondary analysis of epidural SCS data from 13 participants 
who underwent clinically indicated cervical spine surgery, which re-
sulted in more effective muscle activation with lateral stimulation over 
the dorsal entry zone compared to midline stimulation [13]. Utilizing 
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the mixture extension of our hierarchical Bayesian estimation (HBe) ap-
proach, we modeled the differences between the thresholds of midline 
and lateral stimulation for the arm and hand muscles (Fig.  5a).

Due to the nature of these experiments, multiple muscles are
recorded simultaneously, and we would like to know for each in-
dividual muscle whether or not a statistically significant effect is 
present. This requires controlling for the family-wise error rate. Fig. 
5b presents the model summary for all participants. The 98.75% HDIs, 
corrected for multiple comparisons at 5% significance level, show that 
the summarized threshold differences are entirely to the right of zero 
for three of the four tested muscles. This indicates strong evidence 
that lateral stimulation resulted in significantly lower thresholds and 
facilitated activation of the arm and hand muscles.

To evaluate the statistical power and family-wise error rate of the 
HBe model on empirically obtained human SCS data, we bootstrapped 
the participants and compared the results against a Bonferroni-Holm 
corrected [73] Wilcoxon signed-rank test [70] conducted on the point 
threshold estimates of the standard hierarchical Bayesian (HB) and 
non-hierarchical models. Consistent with our simulations (Fig.  2g), 
hierarchical Bayesian methods required fewer participants to achieve 
80% power compared to non-hierarchical models (Fig.  5c). For the 
biceps muscle, the nHB model required 18 participants to achieve 
80% power (at 𝑁 = 18 participants, true positive rate mean ± sem 
∶ 83.65 ± 3.82%, at 𝑁 = 17 ∶ 79.25 ± 3.52%, samples not shown), 
while the standard HB and HBe models required only 12 (at 𝑁 = 12, 
HB ∶ 80.8 ± 3.22% and HBe ∶ 86.25 ± 3.66%), with a reduction of 
33% in the number of participants. Notably, the ML model performed 
worse than the LSM model for three of the four muscles, potentially 
due to the sparse nature of the data, which included only 16.73 ±
8.27 (mean ± sd) unique stimulation intensities per recruitment curve, 
consistent with our simulations (Fig.  2f). Additionally, the false positive 
(Supplementary Fig. S2a–d) and family-wise error rates (Supplementary 
Fig. S2e) for all methods did not exceed the significance level of 5%, 
validating the observed differences in statistical power.
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Fig. 4. Mixture model accounts for outliers and further improves predictive performance on all datasets. (a) Example recruitment curve fitted to human 
TMS data using rectified-logistic function within a gamma likelihood model. It overestimates the growth rate and saturates early due to presence of outliers.
(b) Mixture extension of the gamma likelihood model is robust to outliers, resulting in narrower 95% HDI of the posterior predictive distribution. It returns an 
outlier probability for each observed sample which enables automatic outlier classification. Dots are colored by outlier probabilities. (c) Predictive performance 
measured with expected log-pointwise predictive density (ELPD) using leave-one-out cross-validation. Gray triangles represent the mean pairwise ELPD difference 
from the best-ranked mixture model (𝛥𝜇), and gray bars are standard error of the mean ELPD difference (𝛥sem). (For interpretation of the references to color in 
this figure legend, the reader is referred to the web version of this article.)
3.6. Optimizing experimental design

In this section, we illustrate how the generative capability of our 
model can be used to prototype and optimize experimental designs. 
It is common practice to test multiple repetitions or trials of the 
same stimulation intensity when constructing recruitment curves. The 
number of repetitions used is highly variable, typically ranging between 
4 and 20 [22,28,44,47,50,51,87–92], although extending from as low 
as 1 [14] to 40 [43]. Since the number of stimuli in a session are con-
strained by the session duration, increasing the number of repetitions 
reduces the number of unique stimulation intensities that can be tested, 
which consequently reduces the sampling resolution. For instance, 
when administering a total of 64 stimuli in a session, one could test 64 
unique intensities (single repetition each), 16 unique intensities (four 
repetitions each), or 8 unique intensities (eight repetitions each), and so 
on. We hypothesized that this reduction in resolution would adversely 
affect the accuracy of threshold estimates derived during post-hoc or 
offline analyses.

Our generative framework enables us to evaluate such strategies. 
To demonstrate this, we used data from the first eight participants 
of the synthetic TMS dataset (Results 3.1), and generated up to eight 
observations per stimulation intensity, for a total of 64 intensities 
equispaced between 0 to 100% MSO. Using the standard hierarchical 
Bayesian model (HB), we estimated the thresholds with one, four, and 
eight observations per intensity (Fig.  6a–c). The results indicated that 
conducting experiments without repetition — testing each intensity 
only once — was the most efficient approach for accurate threshold 
estimation (Fig.  6d). Notably, the largest improvement in accuracy was 
observed when the total number of stimuli were low. For instance, 
distributing 32 stimuli evenly across the full intensity range reduced 
the mean absolute error from 5.36 ± 0.03% (mean ± sem) with eight 
repetitions of 4 equispaced intensities to 2.91 ± 0.03% with a single 
repetition of 32 equispaced intensities.

We also examined how the statistical power of the hierarchical 
Bayesian estimation model (HBe) to detect a threshold shift varies with 
the different repetitions per intensity. For a total number of 64 stimuli, 
we simulated a negative threshold shift from pre- to post-intervention, 
similar to Results 3.2 (Fig.  2g), and used the model to detect the shift 
with one, four, and eight repetitions per intensity. The model achieved 
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80% power with fewer participants when fewer repetitions were used 
(Fig.  6e). With eight repetitions of 8 equispaced intensities, the model 
required 12 participants to achieve 80% power (at 𝑁 = 12 and eight 
repetitions, true positive rate mean ± sem ∶ 82.25 ± 0.84%), while 
with four repetitions of 16 equispaced intensities, it required only 10 
participants (85 ± 0.64%), reducing the number of participants by 17%. 
Further reducing to a single repetition of 64 equispaced intensities 
decreased the required sample size to nine participants (82.7 ± 0.77%), 
a reduction of 25% compared to eight repetitions.

4. Discussion

Our method introduces a rectified-logistic function that provides 
a consistent parametric definition of motor threshold, and integrates 
it within a hierarchical Bayesian framework for estimating MEP size 
recruitment curves. This framework improved threshold estimation ac-
curacy on sparse data and required fewer participants to achieve com-
parable statistical power than non-hierarchical methods. We validated 
these advantages on empirical TMS and SCS datasets, and synthetic 
TMS data. Our open-source library for Python, hbMEP, makes our 
approach broadly accessible to researchers seeking accurate and robust 
estimation of recruitment curves across multiple stimulation modalities.

We demonstrated that hierarchical Bayesian methods, including 
Bayesian estimation (HBe) and the standard hierarchical Bayesian 
model (HB), require substantially fewer participants to detect threshold 
shifts compared to non-hierarchical models. The HBe approach views 
the mean threshold shift across participants as a model parameter and 
yields a complete distribution of its credible values. This approach 
offers a more satisfactory and informative conclusion compared to fre-
quentist tests, which only provide a dichotomous outcome of significant 
or not significant based on a 𝑝-value. However, it requires a more nu-
anced understanding of Bayesian inference, including the incorporation 
of hypothesis-specific modifications to the model structure. Conversely, 
the standard HB model, while slightly less powerful, is easier to use 
and generalizable across datasets and hypotheses because it decouples 
the estimation of recruitment curves from statistical inference. This 
approach strikes a balance between hierarchical Bayesian methods for 
accurate estimation of curve parameters and frequentist methods for 
significance testing. For these reasons, the hbMEP library implements 
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Fig. 5. Comparison of midline versus lateral stimulation thresholds on human epidural SCS data. (a) Example participant showing lateral (light color) 
and midline (dark color) stimulation. Inset: zoom to show presence of threshold, despite small MEP size. Bottom panels: posterior distribution of the threshold.
(b) Posterior distribution of the shift between midline and lateral thresholds summarized across all participants (𝑁 = 13). A priori, the model assumes no 
shift, indicated by a flat prior (gray distribution) centered at zero. The 98.75% HDIs for the biceps, triceps and APB muscles are entirely to the right of zero. 
This, together with the Bayesian probabilities, indicates strong evidence that lateral stimulation resulted in significantly lower thresholds for the arm and hand 
muscles. (c) Validation of hierarchical Bayesian methods on bootstrapped human SCS data. The standard hierarchical Bayesian (HB) and hierarchical Bayesian 
estimation (HBe) methods require fewer participants to achieve 80% power compared to non-hierarchical models when detecting a shift between midline and 
lateral stimulation thresholds. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
and adopts the standard HB model as its default, making estimation 
of recruitment curves and inference accessible to a broad research 
community.

We demonstrated how MEP size recruitment curves, whether de-
rived from TMS or epidural SCS, can be accurately modeled using the 
same rectified-logistic function. Using a recruitment curve function that 
does not appropriately represent the data can produce systematic errors 
in parameter estimates, thereby compromising subsequent analyses. 
Through cross-validation on TMS and SCS data, we determined that 
the rectified-linear function and the most frequently used logistic-4 
function are suboptimal for modeling recruitment curves. This is due to 
the strict assumptions these functions make—rectified-linear assumes 
linear growth post-threshold, and logistic-4 assumes symmetry about 
its inflection point. We found that the more flexible logistic-5 function 
performs significantly better, but is limited to estimating the S50 and 
not the threshold. However, we illustrated how the estimation of S50
depends on observing adequate saturation in data, a condition often 
unmet, whereas the threshold can be accurately estimated independent 
of it. To shift the focus on analyzing a more reliable threshold parame-
ter, we introduced a rectified-logistic function that matches or exceeds 
the predictive performance of the logistic-5 function and includes an 
explicit parameter for the threshold.

The rectified-logistic function provides a consistent parametric rep-
resentation of threshold as a deflection of MEP size from the estimated 
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offset. However, this differs in approach from the traditional resting 
motor threshold (RMT) used in TMS studies, defined as the minimum 
stimulation intensity to produce a predefined MEP size of 50 μV in 
at least 50% of repetitions [63]. RMT is typically estimated in real 
time and independently of the recruitment curve, with measurements 
repeated iteratively across muscles. In general, this method detects the 
threshold after the MEP size is already above the offset noise floor. For 
instance, Appendix B2 17.1, 17.2, 17.6 show a TMS participant with 
SCI with consistent and reliable MEPs above offset, yet below 0.05 mV 
(50 μV), for three of six recorded muscles, including the target APB 
muscle. In such cases, the RMT would fail to detect a threshold despite 
the presence of consistent MEPs. This limitation becomes especially rel-
evant in clinical contexts, where some weakened muscles may exhibit 
reliable but subthreshold MEPs by the 50 μV criterion.

In contrast, recruitment curves are recorded across multiple muscles 
simultaneously and provide a more robust characterization of corti-
cospinal output than MEPs recorded at a single intensity [22,31,38]. 
They utilize data from multiple trials across various stimulation inten-
sities and, in addition to threshold, yield other curve parameters such as 
slope and saturation, which can subsequently be estimated offline. Fur-
thermore, the 50 μV RMT convention, while suitable for resting-state 
human TMS, may not generalize across species, clinical conditions, 
stimulation modalities, or MEP metrics such as AUC. Nevertheless, 
given its widespread use, we deemed it important to maintain backward 
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Fig. 6. Efficient data sampling is performed with fewer repetitions per intensity. Example fits on a simulated participant with a total of 64 stimuli and
(a) eight repetitions, (b) four repetitions, and (c) a single repetition per intensity. Inset: zoom over threshold posterior with the ground truth (green line) and 
estimated threshold (red line). (d) For eight participants of synthetic TMS data, sampling with a single repetition produces the lowest mean absolute error for 
threshold estimation, regardless of the total number of stimuli. (e) For a total of 64 stimuli, sampling with fewer repetitions requires fewer participants to achieve 
80% power when detecting a shift in the threshold from pre- to post-intervention phase. Here the threshold differences are simulated from Normal (𝜇 = −5, 𝜎 = 2.5)
distribution, where the alternative hypothesis (non-zero shift) is true. Blue rounded rectangles and blue highlighted text represent similar simulation configurations 
that are directly comparable. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
compatibility. Our library enables recovery of the RMT as a post-
processing step by intersecting the estimated recruitment curve with 
a predefined MEP size, provided that this predefined size lies between 
the estimated offset and saturation. For compatibility, our library also 
enables the estimation of recruitment curves using logistic-5, logistic-4, 
and rectified-linear functions within the standard HB model.

By integrating a mixture model, our approach circumvents the need 
for manual artifact rejection prior to estimating recruitment curves. 
It isolates observations unlikely to result from stimulation, such as 
electrical artifacts or unrelated muscle activity, preventing them from 
biasing parameter estimates. While the primary motivation is to ac-
count for such artifacts, the mixture component may also absorb legiti-
mate physiological responses that deviate from the model assumptions. 
Importantly, the mixture component is constrained to account for only 
a small fraction of the data, ensuring the primary model remains 
grounded in stimulation-evoked responses. However, this approach 
does not account for all sources of variability in MEP measurements and 
may require extension in specific contexts. For instance, when applying 
epidural [93] or transcutaneous [78] SCS, posterior roots are thought to 
be preferentially activated. However, if sufficient stimulation intensity 
is applied, efferent fibers may also be activated, contributing to the 
early portion of the MEP. Without a careful choice of the time window 
for calculating the MEP size, the measured recruitment curve may 
inadvertently represent a mixture of efferent and afferent recruitment 
curves, which would not be accounted for by any S-shaped curve.

The broad applicability and scalability of hbMEP comes at the 
expense of biophysical fidelity. The model does not attempt to explain 
the biological origins of motor unit activation [12,94–96]. It also does 
not attempt to decompose MEP variability into distinct mechanistic 
sources [39,65–67]. Such models often involve convolutions of distribu-
tions without closed-form solution, making them difficult to implement 
in standard probabilistic programming libraries. While our focus here 
is on robustness and general usability, we view mechanistic decompo-
sition as complementary and future work will explore whether better 
variance structures can be integrated within the hierarchical Bayesian 
framework.

In conclusion, the proposed hierarchical Bayesian method substan-
tially reduces the experimental burden associated with quantifying 
S-shaped relationships. By improving parameter estimation accuracy 
offline on sparse data, it minimizes the number of stimuli needed to 
1867 
probe each individual’s neuromuscular parameters, thereby shortening 
session duration and reducing the risk of inadvertent neuromodulation, 
while simultaneously increasing the number of muscles across which 
these insights are obtained. As a consequence, researchers will gain 
from increased experimental throughput and enhanced statistical re-
liability. Future work will explore adaptations for clinical use, as well 
as integrating closed-loop designs [39,97] to optimize sampling in real 
time by extending our Bayesian approach, further expanding its scope 
and utility.
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Supplementary Fig. S1. Accurate estimation of threshold is independent of saturation

observed in data and requires less experimental burden on participants, as opposed to

S50. For the first eight participants of synthetic TMS data, the mean absolute error for estimating
the threshold remains consistently low irrespective of the amount of saturation observed in data.
In contrast, partial saturation can result in highly inaccurate and unreliable estimates for the S50
parameter. Abscissa bin (a, b] represents the maximum percentage of the actual saturation which is
observed in data that is greater than a and less than or equal to b. Error bars represent standard
error of the mean absolute error.
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Supplementary Fig. S2. Comparison of false positive and family-wise error rates against

the set significance level of 5% on bootstrapped human epidural SCS data. False posi-
tive rate for the (a) biceps, (b) triceps, (c) APB, and (d) ADM muscles. The midline and lateral
stimulation conditions were, with equal probability, either interchanged or kept the same for each
sampled participant, ensuring that the null hypothesis of no di!erence between the thresholds of the
two conditions holds in all muscles. (e) The correction procedure for each method accounts for mul-
tiple comparisons across the four tested muscles and the family-wise error rate does not exceed the
5% level.
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Supplementary Fig. S3. (a–f) E!ect of varying parameters of the rectified-logistic func-

tion. (a) a shifts the threshold. (b) b changes the growth rate. (c) L changes the o!set MEP size.
(d) H controls the distance between o!set L and saturation (L+H). (e) ω a!ects the location of
inflection point or point of maximum gradient, whether near o!set L or saturation (L+H). (f)

Varying b, ω simultaneously. (g–h) Standard hierarchical Bayesian model for TMS data. (g)

Graphical model. The model yields parameter estimates for each participant across multiple muscles
simultaneously. Circular nodes represent random variables. Filled circular nodes represent observed
data. Diamonds represent deterministic variables. Arrows represent that the child node is informed
by the distribution of its parent node. Plates denote re-instantiation of nodes. (h) Bayesian model
specification with participant- and population-level parameters and hyperpriors for TMS data. Here
F is the rectified-logistic function.
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Supplementary Fig. S4. Paired comparison model. This models the di!erences in the thresh-
old parameter (a) of participants under multiple experimental conditions, and µa! summarizes these
di!erences across all participants.

Supplementary Fig. S5. Mixture extension of the standard hierarchical Bayesian

model.
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Supplementary Fig. S6. Paired comparison model for detecting a shift in the threshold

between pre- and post-intervention. Here, c = 1 and c = 2 represent pre- and post-intervention
conditions, respectively. A priori the model assumes no shift, as indicated by a flat prior on µa! ,
which is symmetric about zero. F is the rectified-logistic function.
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Supplementary Fig. S7. Standard hierarchical Bayesian model for cross-validation

of recruitment curve functions on TMS and SCS data. We have F → {F1, F2, F3, F4},
where F1 . . . F4 are the rectified-logistic, logistic-5, logistic-4 and rectified-linear functions, respec-
tively. We have ε = εf and ϑ = ϑf when F = Ff for f → {1, 2, 3, 4}. Here, ε1 = {a, b, L, ω, H},
ε2 = {a, b, v, L,H}, ε3 = {a, b, L,H}, ε4 = {a, b, L}, and ϑ1 = {µa,ϖa,ϖb,ϖL,ϖω,ϖH}, ϑ2 =
{µa,ϖa,ϖb,ϖv ,ϖL,ϖH}, ϑ3 = {µa,ϖa,ϖb,ϖL,ϖH}, ϑ4 = {µa,ϖa,ϖb,ϖL}. εf ↑{c1, c2} are the sets of
participant-level parameters and ϑf ↑ {ϖc1 ,ϖc2} are the corresponding sets of hyperparameters for
each function Ff . The table gives the respective hyperprior distributions.
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Supplementary Fig. S8. Mixture extension of the standard model for cross-validation

on TMS and SCS data. Here F is the rectified-logistic function, ε = {a, b, L, ω, H}, and ϑ =
{µa,ϖa,ϖb,ϖL,ϖω,ϖH}. The table gives the hyperpriors.
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Supplementary Fig. S9. Paired comparison model for comparing the midline and lateral

stimulation thresholds on human SCS data. Here, c = 1 and c = 2 represent lateral and midline
stimulation, respectively. A priori the model assumes no di!erence between the midline and lateral
thresholds, as indicated by a flat prior on µa! , which is symmetric about zero. F is the rectified-
logistic function.
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Supplementary Fig. S10. Comparison of predictive performance and threshold esti-

mation of standard hierarchical Bayesian (HB) models using gamma (two likelihood

parameters) and log-normal (one likelihood parameter) likelihoods, with and without

mixture extension. (a) Predictive performance measured with expected log-pointwise predictive
density (ELPD) using leave-one-out cross-validation. Gray triangles represent the mean pairwise
ELPD di!erence from the best-ranked mixture extension of gamma HB model (”µ), and gray bars
are standard error of the mean ELPD di!erence (”sem). (b) Point threshold estimates from the two
mixture models are consistent, with a high coe#cient of determination (R2) along the identity line
(R2

> 0.9 on rat SCS, and R
2 ↓ 1 on human datasets). Additionally, the 95% highest density interval

(HDI) of threshold posterior of each model contains, with high probability, the corresponding point
threshold estimate of the other, indicating high mutual overlap. Here, the coverage probability that
X covers Y denotes the proportion of cases where the 95% HDI of model X contains the correspond-
ing point estimate of model Y . Dots are colored by the maximum width of 95% HDIs across the two
models, lighter shades indicate wider HDIs and greater uncertainty in threshold estimates. In a few
rat SCS cases, the log-normal model fails to fit (Appendix D1 123.4, 123.6, 125.4, 125.6), and the
corresponding threshold estimates deviate substantially from those of the gamma model, which fits
these cases well (see corresponding entries of Appendix B1).
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S1 Methods

S1.1 Alternative specification

An alternative specification replaces the gamma likelihood (Eq. 6–8) with a log-normal
(location-scale) (Nielsen, 1996; Goetz et al., 2014, 2019; Alavi et al., 2019; Ma et al.,
2024) (Eq. 18, 19) to estimate the median MEP size as a recruitment curve function of
stimulation intensity, since median (y | x,!,ω) = e

lnµ = µ = F (x | !). In reference to
Table 3, this introduces one likelihood parameter (ω) for the scale of the log-normal,
as opposed to two parameters introduced by the gamma model. Equation 20 gives its
mixture extension, analogous to that of the gamma model (Eq. 13–16).

For ω > 0

y | x,!,ω → Lognormal (lnµ,ω) (18)

µ = F (x | !) (19)

y | x → (1↑ qy) · Lognormal (lnµ,ω) + qy ·HN(ωoutlier) (20)

Appendix C1–C3 show curves estimated using the standard HB model with log-
normal likelihood for rat SCS, human TMS, and human SCS data, respectively. In
general, the 95% HDIs of the posterior predictive distributions are wider than those
of the gamma model (Appendix A1–A3), even in regions with ample data (e.g., C1
2.3 compared to A1 2.3). This is attributable to the model assumption that log-
transformed MEP size measurements are homoscedastic around the log-transformed
recruitment curve lnµ = lnF (x | !), since ln y → Normal (lnµ,ω), where the variance
ω
2 is constant and independent of the estimated MEP size. While log transformation

is often used to stabilize variance in measurements, it does not fully regularize the
variance in MEP sizes, which continue to exhibit skewness and increased spread in the
transition region between o”set and saturation (Goetz et al., 2014).

Appendix D1–D3 show curves estimated using the log-normal mixture HB model
for the same datasets. Supplementary Fig. S10a compares the predictive performance
of these models. On the largest tested rat SCS dataset, the gamma model, both with
and without the mixture extension, significantly outperforms the log-normal coun-
terpart. On human TMS and SCS data, their performance is comparable, making
the log-normal model a viable alternative, particularly for TMS data, which tends
to exhibit greater skewness. Accordingly, the log-normal is included as an alternative
model in the hbMEP library.

Supplementary Fig. S10b shows the point threshold estimates of the two mixture
models are consistent (R2

> .9 on rat SCS data, and R
2
↓ 1 on human TMS and SCS

datasets). Additionally, the 95% HDI of threshold posterior of each model contains,
with high probability, the corresponding point threshold estimate of the other, indi-
cating high mutual coverage. However, in a few rat SCS cases, the log-normal model
fails to fit the data (see Appendix D1, F1 123.4, 123.6, 125.4, 125.6). The correspond-
ing threshold estimates deviate substantially from those of the gamma model, which
fits these cases well (see corresponding entries of Appendix B1, E1).
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An extension of the log-normal model is a triple-variability model (Ma et al.,
2024) (Eq. 21–25) which uses the logistic-4 function with zero o”set (L = 0). In
addition to multiplicative noise which characterizes the log-normal, this model further
decomposes the mechanistic sources of noise in TMS MEP recordings by introducing
an additive Gaussian noise term on the input intensity and an additive o”set term
for the background noise, which is drawn from a generalized extreme value (GEV,
location-scale-shape) distribution.

Let G be the logistic-4 function, then for ωx,ωadd > 0 and µadd, kadd ↔ R
y = ỹ + vadd (21)

vadd → GEV(µadd,ωadd, kadd) (22)

ỹ | x̃,ω → Lognormal(ln µ̃,ω) (23)

µ̃ = G(x̃ | L = 0,!), ! = {a, b,H} (24)

x̃ → Normal(x,ωx) (25)

The triple-variability model introduces five likelihood parameters
(ω,ωx, µadd,ωadd, kadd) and includes perturbed stimulation intensities x̃, which are
latent variables and not counted as model parameters. It involves sampling from a
convolution of independent GEV and log-normal distributions (Eq. 21), which does
not have a closed-form and is therefore not supported by standard probabilistic
programming libraries (Bingham et al., 2019; Phan et al., 2019). Additionally, the
support of GEV distribution depends on its parameters, which poses challenges to
gradient-based Markov Chain Monte Carlo samplers such as No-U-Turn Sampler
(NUTS) (Ho”man and Gelman, 2011). In the current framework (Ma et al., 2024),
model parameters are estimated using numerical optimization. Specifically, GEV
parameters for the o”set are estimated separately from baseline-only trials collected at
0% MSO and subsequently held fixed during estimation of the logistic-4 recruitment
curve using particle swarm optimization.

Appendix A4 and B4 show curves estimated using the gamma HB model and its
mixture extension, respectively, on data simulated from the triple-variability model.
We simulated responses for 10 participants using fixed model parameters estimated
from real data (Ma et al., 2024). The first column shows data generated with 25 stimuli,
evenly spaced between 30% MSO and 100% MSO, with 20 repetitions per stimulus,
for a total of 500 samples per participant (Ma et al., 2024). The subsequent columns
show datasets with 64, 32, and 16 stimuli, each with a single repetition. In all cases,
both the gamma HB model and its mixture extension do a good job of capturing the
variability in data, as indicated by the shaded 95% HDI of the posterior predictive
distribution, which covers most of the observed data.
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